Abstract. We provide a characterization of wavelets on local fields of positive characteristic based on results on affine and quasi affine frames. This result generalizes the characterization of wavelets on Euclidean spaces by means of two basic equations. We also give another characterization of wavelets. Further, all wavelets which are associated with a multiresolution analysis on a such a local field are also characterized.
Introduction
The concept of wavelet is defined and studied extensively in the Euclidean spaces R n . The characterization of wavelets of L 2 (R) was obtained independently by Wang [21] and Gripenberg [13] in terms of two basic equations involving the Fourier transform of the wavelet (see also [14] and [15] ). This result was generalized to L 2 (R n ) by Frazier, Garrigós, Wang, and Weiss [12] for dilation by 2 and by Calogero [9] for wavelets associated with a general dilation matrix. Bownik [7] provided a new approach to characterizing multiwavelets in L 2 (R n ). This characterization was obtained by using the results about shift invariant systems and quasi-affine systems in [6, 19] and [11] .
The notion of multiresolution analysis (MRA) is closely related to wavelets. In fact, it is well known that one can always construct a wavelet from an MRA. But, all wavelets are not obtained in this way. It was proved independently by Gripenberg [13] and Wang [21] that a wavelet arises from an MRA if and only if its dimension function is 1 a.e. Calogero and Garrigós [10] gave a characterization of wavelet families arising from biorthogonal MRAs of multiplicity d. This result was improved by Bownik and Garrigós in [8] , where they provided this characterization in terms of the dimension function.
In this article, we will give a characterization of wavelets on local fields of positive characteristic by using the results on affine and quasi-affine frames on such fields obtained in an earlier article [5] . We will also characterize the wavelets associated with an MRA. For some other aspects of wavelet on such fields, we refer to [2] , [3] and [4] .
The local fields are essentially of two type (excluding the connected local fields R and C), namely, the local fields of characteristic zero and those of positive characteristic. The p-adic field Q p is a local field of characteristic 0. Examples of local fields of positive characteristic are the Cantor dyadic group and the Vilenkin p-groups. Even though the algebraic structure of local fields of positive characteristic is same as the real number field and its translation set {u(k) : k ∈ N 0 } forms a group, it is not true in general that u(k) + u(l) = u(k + l) for nonnegative integers k and l (see section 2 for details). This problem does not show up in the Euclidean case. We have to deal with issues related to this problem separately.
This article is organized as follows. In section 2, we give a brief introduction to the local fields and Fourier analysis on such a field. In section 3, we recall some results on the affine and quasi-affine systems on a local field of positive characteristic and use them to provide a characterization of wavelets. We also give another characterization of wavelets. In section 4, we characterize the MRA wavelets.
(a) The map f →f is a bounded linear transformation of
To define the Fourier transform of function in L 2 (K), we introduce the functions Φ k . For k ∈ Z, let Φ k be the characteristic function of P k .
where the limit is taken in L 2 (K).
We have the following theorem (see Theorem 2.3 in [20] ).
Theorem 2.1. The fourier transform is unitary on L 2 (K).
A set of the form h + P k will be called a sphere with centre h and radius q −k . It follows from the ultrametric inequality that if S and T are two spheres in K, then either S and T are disjoint or one sphere contains the other. Also, note that the characteristic function of the sphere h + P k is Φ k (· − h) and that Φ k (· − h) is constant on cosets of P k .
Let χ u be any character on
is a complete list of distinct coset representative of D in K + , then {χ u(n) } ∞ n=0 is a list of distinct characters on D. It is proved in [20] that this list is complete. That is, we have the following proposition.
Proposition 2.1. Let {u(n)} ∞ n=0 be a complete list of (distinct) coset representatives of D in K + . Then {χ u(n) } ∞ n=0 is a complete list of (distinct) characters on D. Moreover, it is a complete orthonormal system on D.
Given such a list of characters {χ u(n) } ∞ n=0 , we define the Fourier coefficients of f ∈ L 1 (D) asf
The series ∞ n=0f (u(n))χ u(n) (x) is called the Fourier series of f . From the standard L 2 -theory for compact abelian groups we conclude that the Fourier series of f converges to f in L 2 (D) and Parseval's identity holds:
Also, if f ∈ L 1 (D) andf (u(n)) = 0 for all n = 0, 1, 2, . . . , then f = 0 a. e. These results hold irrespective of the ordering of the characters. We now proceed to impose a natural order on the sequence {u(n)} ∞ n=0 . Note that Γ = D/P is isomorphic to the finite field GF (q) and GF (q) is a c-dimensional vector space over the field GF (p). We choose a set {1 = ǫ 0 , ǫ 1 , ǫ 2 , . . . , ǫ c−1 } ⊂ D * such that span{ǫ j } c−1 j=0
Note that {u(n) : n = 0, 1, . . . , q − 1} is a complete set of coset representatives of D in P −1 . Now, for n ≥ 0, write
and define
This defines u(n) for all n ∈ N 0 . In general, it is not true that u(m + n) = u(m) + u(n). But it follows that
In the following proposition we list some properties of {u(n)} which will be used later. For a proof, we refer to [3] . Proposition 2.2. For n ∈ N 0 , let u(n) be defined as in (2.1) and (2.2). Then (a) u(n) = 0 if and only if n = 0.
For brevity, we will write χ n = χ u(n) for n ∈ N 0 . As mentioned before, {χ n : n ∈ N 0 } is a complete set of characters on D.
Let K be a local field of characteristic p > 0 and ǫ 0 , ǫ 1 , . . . , ǫ c−1 be as above. We define a character χ on K as follows (see [22] ):
Note that χ is trivial on D but nontrivial on P −1 . In order to be able to define the concepts of multiresolution analysis and wavelet on local fields, we need analogous notions of translation and dilation. Since j∈Z p −j D = K, we can regard p −1 as the dilation (note that |p −1 | = q) and since {u(n) : n ∈ N 0 } is a complete list of distinct coset representatives of D in K, the set {u(n) : n ∈ N 0 } can be treated as the translation set. Note that it follows from Proposition (2.2) that the translation set form a subgroup of K + .
A function f on K will be called integral-periodic if
The characterization of wavelets
For j ∈ Z and y ∈ K, we define the dilation operator δ j and the translation operator τ y as follows:
The affine system generated by Ψ is the collection
We say that Ψ is a set of basic wavelets of L 2 (K) if the affine system X(Ψ) forms an orthonormal basis for L 2 (K).
then X is called a frame. The frame is tight if we can choose A and B such that A = B.
The affine system X(Ψ) is an affine frame if (3.3) holds for X = X(Ψ). Similarly, the quasi-affine systemX(Ψ) is a quasi-affine frame if (3.3) holds for X =X(Ψ).
Ron and Shen in [19] and later Chui, Shi and Stöckler in [11] have observed the relationship between affine and quasi-affine frames in R n . In [5] , we have extended their result to the case of local fields of positive characteristic. 
Observe thatG is a non negative definite operator on ℓ 2 (N 0 ). Also, note that for r, s ∈ N 0 , we have G e r , e s = He r , He s =
where
The following result characterizes when the system of translates of a given family of functions is a frame in terms of the dual Gramian. The proof is an easy generalization of the corresponding results on the Euclidean cases given in [19] and [6] .
is a frame for L 2 (K) with constants A and B if and only ifG(ξ) is bounded for a.e. ξ ∈ D and
We first prove a lemma which gives necessary and sufficient conditions for the orthonormality of an affine system.
Proof. Using Proposition 2.2(b) and (c), we observe that
, has the property that its Fourier coefficients are all zero except for the coefficient corresponding to k = 0, which is 1 if j = 0 and l = l ′ . Hence, F = δ j,0 δ l,l ′ a.e. Conversely, if F = δ j,0 δ l,l ′ a.e, then the same calculation shows that
Define D j as follows:
Since it is true that for each j ≥ 0, every non negative integer m can uniquely be written
We now define the dual GramianG(ξ) of the quasi-affine systemX(Ψ) at ξ ∈ D to be the dual Gramian of {(φ(ξ + u(k))) k∈N 0 : ϕ ∈ A} ⊂ ℓ 2 (N 0 ). The following lemma will be used later in the computation ofG(ξ).
Proof. The integers p, k ∈ N 0 can uniquely be written as p = r + q j m 1 and k = s + q j m 2 , where m 1 , m 2 ∈ N 0 and 0 ≤ r, s ≤ q j − 1. Using (2.3), we have u(p) = u(r) + p −j u(m 1 ) and
where 0 ≤ a m , b m ≤ q − 1 for m = 0, 1, . . . , j − 1. Then from (2.2), we have
Similarly, let t = c 0 + c 1 q + · · · + c j−1 q j−1 , where 0 ≤ c n ≤ q − 1 for n = 0, 1, . . . , j − 1 so that
j=0 . Since {u(n)p : n = 0, 1, . . . , q − 1} is a complete set of coset representatives of P in D, for each n = 0, 1, . . . , j − 1, we can write
It can easily be seen that for each l = 0, 1, . . . , c − 1, {ǫ l u(n)p : n = 0, 1, . . . , q − 1} is also a complete set of coset representatives of P in D. Hence, we have By the definition of the character χ (see (2.4)), we have
Similarly, we can write
where 0 ≤ β m,l 0 ≤ p − 1 for m = 0, 1, . . . , j − 1 and l = 0, 1, . . . , c − 1. Observe that as t varies from 0 to q j − 1, the integers c 0 , . . . , c j−1 all vary from 0 to q − 1. Hence, the integers λ n l vary from 0 to p − 1 for 0 ≤ l ≤ c − 1 and 0 ≤ n ≤ j − 1. Therefore,
. . .
. . . is an integer with absolute value less than p. This completes the proof of the lemma.
For s ∈ N 0 \ qN 0 , define the function
In the following lemma we compute the dual GramianG(ξ) of the quasi-affine system X(Ψ) at ξ ∈ D in terms of the Fourier transforms of functions in Ψ.
and
and t s is the function defined in (3.7).
The sum over D j is equal to
By Lemma 3.2, this expression is equal to 1 if k ′ − k ∈ q j N 0 and 0 otherwise. Therefore, if
Then, the sum over D j will contribute 1 for each j = 0, 1 . . . m and then 0 from m + 1 onwards. Thus, 
for some s ∈ N 0 , by Proposition 2.2(b) and (c). Note that s / ∈ qN 0 , since, otherwise u(s) = p −1 u(n) for some n ∈ N 0 . This will imply that c m = d m , which is false. Therefore,
where s ∈ N 0 \ qN 0 is as defined above. This completes the proof of the lemma.
In the following theorem, we provide ncessary and sufficient conditions for the affine system X(Ψ) to be a tight frame in L 2 (K). As a consequence, we get a characterization of wavelets.
if and only if the functions ψ 1 , ψ 2 , . . . , ψ L satisfy the following two conditions:
and (3.11) t m (ξ) = 0 for a.e. ξ ∈ K and for all m ∈ N 0 \ qN 0 .
In particular, Ψ is a set of basic wavelets of L 2 (K) if and only if ψ l 2 = 1 for l = 1, 2, . . . , L and (3.10) and (3.11) hold.
Proof. It follows from Theorem 3.1 that X(Ψ) is a tight frame with constant 1 if and only if X(Ψ) is a tight frame with constant 1. By Theorem 3.2, this is equivalent to the spectrum ofG(ξ) consisting of a single point 1, i.e.,G(ξ) is identity on ℓ 2 (N 0 ) for a.e. ξ ∈ D. By Lemma 3.3, this is equivalent to the fact that equations (3.10) and (3.11) hold. The second assertion follows since a tight frame X(Ψ) is an orthonormal basis if and only if ψ l 2 = 1 for l = 1, 2, . . . , L (see Theorem 1.8, section 7.1 in [15] ). The following theorem, initially proved by Bownik [7] for R n with an integer dilation matrix, gives a new characterization of tight wavelet frames with constant 1. We extend this result to the case of local fields of positive characteristic.
Assume that X(Ψ) is a Bessel family with constant 1. Then the following are equivalent:
(a) X(Ψ) is a tight frame with constant 1.
Proof. It is obvious from Theorem 3.3 that (a) ⇒ (b). To show (b) implies (c), assume that (3.10) holds. Then, since {p j D * : j ∈ Z} is a partition of K, we have
To prove (c) ⇒ (a), we assume that (3.12) holds. Since X(Ψ) is a Bessel family with constant 1, so isX(Ψ), by Theorem 3.1(a). LetG(ξ) be the dual Gramian ofX(Ψ) at ξ ∈ D. By Theorem 3.2, we have G (ξ) ≤ 1 for a.e. ξ ∈ D. In particular, G (ξ)e k ≤ 1. Hence,
By Lemma (3.3), we have
Hence,
From this it follows that
L l=1 j∈Z |ψ l (p −j ξ)| 2 = 1 for a.e. ξ ∈ D * and hence for a.e. ξ ∈ K, i.e., equation (3.10) holds. By Lemma 3.3 and (3.10) , | G (ξ)e k , e k | 2 = 1 for all k ∈ N 0 . Hence by (3.13) , it follows that G (ξ)e k , e k ′ = 0 for k = k ′ so thatG(ξ) is the identity operator on ℓ 2 (N 0 ). Hence, by Theorem 3.2,X(Ψ) is a tight frame with constant 1. Therefore, X(Ψ) is also a tight frame with constant 1, by Theorem 3.1.
As a consequence of the above theorem, we get a new characterization of wavelets. Proof. It follows from Theorem 3.4 and Lemma 3.3 that (a) ⇒ (b) ⇒ (c). We now prove that (c) implies (a). Assume that Ψ satisfies (3.4) and (3.12). The equation (3.4) implies that X(Ψ) is an orthonormal system, hence it is a Bessel family with constant 1. By Theorem 3.4 and (3.12), X(Ψ) is a tight frame with constant 1. Since each ψ l has L 2 norm 1, it follows that X(Ψ) is an orthonormal basis for L 2 (K). That is, Ψ is a set of basic wavelets of L 2 (K).
The Characterization of MRA Wavelets
Similar to R n , wavelets can be constructed from a multiresolution analysis (MRA). We define an MRA on local fields of positive characteristic as follows (see [16] ). Definition 4.1. Let K be a local field of characteristic p > 0, p be a prime element of K and u(n) ∈ K for n ∈ N 0 be as defined in (2.1) and (2.2). A multiresolution analysis (MRA) of L 2 (K) is a sequence {V j : j ∈ Z} of closed subspaces of L 2 (K) satisfying the following properties:
(e) there is a function ϕ ∈ V 0 , called the scaling function, such that {ϕ(·−u(k)) : k ∈ N 0 } forms an orthonormal basis for V 0 .
Let Ψ = {ψ 1 , ψ 2 , . . . , ψ L } be a set of basic wavelets of L 2 (K). We define the spaces
Then it follows that {V j : j ∈ Z} satisfies the properties (a)-(d) in the definition of an MRA. Hence, {V j : j ∈ Z} will form an MRA of L 2 (K) if we can find a function ϕ ∈ L 2 (K) such that the system {ϕ(· − u(k)) : k ∈ N 0 } is an orthonormal basis for V 0 . In this case, we say that Ψ is associated with an MRA, or simply that Ψ is an MRA-wavelet. Now suppose that {ψ 1 , ψ 2 , . . . , ψ q−1 } is a set of basic wavelets for L 2 (K) associated with an MRA {V j : j ∈ Z}. Let ϕ ∈ L 2 (K) be the corresponding scaling function. In Theorem 5.1 of [3] , we have characterized the scaling functions for MRAs of L 2 (K). In view of this theorem, we have (4.1) 
is unitary for a.e. ξ ∈ D (see [16] ) and
Hence, by (4.3), we have
Since M (ξ) is unitary, we have
This equality holds for a.e. ξ ∈ K. Hence, we have
Iterating, we get, for any integer N ≥ 1,
Since |φ(ξ)| ≤ 1, the sequence {
of real numbers is increasing and is bounded by 1, hence it converges. Therefore, lim
Hence, by Fatou's lemma,
This shows that lim
Since {ϕ(· − u(k)) : k ∈ N 0 } is an orthonormal system, we get for a.e. ξ ∈ K,
Hence, D Ψ is well-defined for a.e. ξ ∈ K. In particular, k∈N 0 |ψ l (p −j (ξ + u(k)))| 2 < ∞ for a.e. ξ ∈ K. Thus, for all j ≥ 1, 1 ≤ l ≤ L, and a.e. ξ ∈ K, we can define the vector ω l j (ξ) in ℓ 2 (N 0 ), where
Note that we can also write D Ψ as
We have thus proved that if Ψ = {ψ 1 , ψ 2 , . . . , ψ q−1 } is a set of basic wavelets associated with an MRA of L 2 (K), then it is necessary that D Ψ = 1 a.e. Our aim is to show that this condition is also sufficient. We will show that if Ψ = {ψ 1 , ψ 2 , . . . , ψ q−1 } is a set of basic wavelets of L 2 (K) and D Ψ = 1 a.e., then Ψ is an MRA-wavelet. To prove this we need the following lemma.
Lemma 4.1. For all j ≥ 1, l = 1, 2, . . . , q − 1, and a.e. ξ ∈ K, we have
Proof. The series appearing in the lemma converges absolutely by (4) for a.e. ξ ∈ K. We first show that
Let us denote the series on the right of (4.7) by G l j (ξ). Then by using Lemma 3.1 and equation (3.11), we have
In the last equation, we can replace the sum over k ∈ qN 0 by a sum over k ∈ N 0 since the additional terms corresponding to k ∈ N 0 \ qN 0 are all zero by (3.11) . Hence,
is integral-periodic, (4.6) follows. This completes the proof of Lemma.
We will also need the following lemma. We refer to [1] , [10] and [15] for a proof of this result. Proof. We have already observed that D Ψ (ξ) = 1 for a.e. ξ ∈ K when Ψ is an MRA-wavelet. We now prove the converse. Assume that D Ψ (ξ) = 1 for a.e. ξ ∈ K. Let E be the subset of D on which D Ψ (ξ) is finite and (4.6) is satisfied. Then ω l j are well-defined on E. For ξ ∈ E, we define the space F(ξ) = span{ω That is, for each ξ ∈ E, F(ξ) is generated by a single unit vector U (ξ). We now choose a suitable vector. For j ≥ 1, let us define X j = {ξ ∈ E : ω l j (ξ) = 0 for some l, 1 ≤ l ≤ q−1, and ω l m (ξ) = 0, ∀m < j and 1 ≤ l ≤ q−1}, and X 0 = {ξ ∈ D : ω l j (ξ) = 0 for all l, 1 ≤ l ≤ q − 1, and for all j ≥ 1}. Then {X j : j = 0, 1, 2, . . . } forms a partition of E. Note that X 0 = {ξ ∈ D : D Ψ (ξ) = 0}. So for a.e. ξ ∈ E \ X 0 , there exists j ≥ 1 such that ξ ∈ X j . Hence, there exists at least one l, 1 ≤ l ≤ q − 1, such that ω l j (ξ) = 0. Choose the smallest such l and define
Thus, U (ξ) is well defined and U (ξ) ℓ 2 = 1 for a.e. ξ ∈ D. We write U (ξ) = {u k (ξ) : k ∈ N 0 }. Now, defineφ(ξ) = u k (ξ − u(k)), where k is the unique integer in N 0 such that ξ ∈ D+u(k). This definesφ on K. We first show that ϕ ∈ L 2 (K) and {ϕ(·−u(k) : k ∈ N 0 )} is an orthonormal system in L 2 (K). We have
Thus, ϕ ∈ L 2 (K). Also, This is equivalent to the fact that {ϕ(· − u(k) : k ∈ N 0 )} is an orthonormal system. We now define V ♯ 0 = span{ϕ(· − u(k)) : k ∈ N 0 }. Let W j = span{ψ l j,k : 1 ≤ l ≤ q − 1, k ∈ N 0 } and V 0 = j<0 W j . If we can show that V ♯ 0 = V 0 , then it will follow that {V j : j ∈ Z} is the required MRA (see the discussion just after the definition of MRA).
We first show that V 0 ⊂ V ♯ 0 . It is sufficient to verify that ψ l j,k ∈ V
